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Abstract 
Steinacker, U., C. Leubner and S.L. Kalla, Uniform asymptotic expansions of a class of Incomplete Cylindrical 
Functions, Journal of Computational and Applied Mathematics 44 (1992) 121-130. 
For the uniform asymptotic expansion of Incomplete Cylindrical Functions of Bessel form a modification of 
Bleistein’s general procedure is given. It offers the convenience of completely separating the processes of 
determining the expansion coefficients and of repeatedly integrating by parts. This is of practical relevance 
with a view to delegating the otherwise very tedious calculation of higher expansion coefficients to one of the 
available computer codes for the algebraic-analytic manipulation of given expressions. 
Keywords: Incomplete Cylindrical Functions of Bessel form; uniform asymptotic expansions. 
1. Introduction 
Various forms of Incomplete Cylindrical Functions (ICFs) play an important part in several 
areas of applied physics. ICFs occur, e.g., as incomplete Weber integrals [1,6,14], and as 
incomplete Airy functions [l&-11], which in turn are expressible by means of linear relation- 
ships through ICFs of Bessel form [1,2,5,7,12,13] 
E,(w, z) = k/olexp[ z sinh T - VT] d7. 
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In applications, functions of the class (1) usually appear with purely imaginary values of 
w = -io, and real values of v and z, 
ivt - iz sin t] dt, Y, w, z real. 
By introducing a new parameter p =z/v, we define 
&(u, P) := Ev( -iw, PV), 
and rewrite (2) in the form 
(3) 
gV(o, p) = - i{>p[iY@(r)] dt, 
with 
Q(t) = t -p sin t, v’, w, p real. (4b) 
For integer v = IZ and for w = - 2n, this function reduces to the Bessel function of integer 
order, 
gn( -2T, P> = 2J,(P4. (5) 
Rumyantsev and Zotov [12] investigated synchrotron radiation from ultrarelativistic electrons 
propagating through magnetic field discontinuities at MHD shock fronts (which occur, e.g., in 
the solar atmosphere and in supernova shells). The main contributions to the radiation 
intensity involve ICFs of Bessel form (4a1, (4b) with large values of the index V. For this case, 
~~~tunifo~m asymptotic expansions have been given in [ll. 
In this paper we are interested in deriving a uniforr~l asymptotic expansion of (4a), (4b) for 
large values of V. For an integral depending on several parameters, uniform asymptotic 
expansions - although harder to derive - are in general more useful than nonuniform 
approximations or numerical tables for isolated parameter combinations. 
2. Reduction of the parameter space 
The following functional relations may be easily inferred from (4a), (4b): 
GYV(, + 212?T, p) = 
exp(i2nnv) - 1 
exp( -i2nv) - 1 
&(-T, P) + 
exp(i2nTv) - 1 
exp(i2Trv) - 1 
K,(T P) 
+ exp(i2nnu)gV(o, p), for integer ~1, (6) 
q,(-WY P) = -g:(@, P), (7) 
Zu;(w,-_p) = ew( -i~v)[ZJo + r, p> -e,(n, P)], (8) 
Kv(w, P) =gu*(w, P). (9) 
If follows from (6) that we may confine ourselves to the interval -r G w G n, and, because of 
(7), even to 0 G w G V. Formula (8) allows us to set p > 0; and by (9) we may take v > 0. 
If any of the parameters V, w, p vanishes, (4a), (4b) may be integrated directly; we will 
therefore exclude these cases and restrict the parameter space to positive real values of V, o, p, 
and to w =G IT. 
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3. Complex contour integral representation 
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For large values of Y, (4a), (4b) is unsuitable for direct computation, since the rapidly varying 
phase factor exp[iv Re{@(t))] causes very rapid oscillations of the integrand. This can be 
avoided by deforming the original contour of integration (from 0 to w along the real axis) into a 
new Cauchy equivalent contour Ct, along which the real part of Q(t), Re{@(t)j, is constant. 
Note that if portions of this new path tend to the point t = ~0, then the integrand vanishes at 
infinity. 
In Figs. 1-3, “nonoscillatory” contours Ct are plotted for p = 0.5, p = 0.95 and p = 1.7. The 
points t, and -t, are saddle points of @, 
d@ 
i 1 - = dt +I, 0, (IO) 
with 
t, = i(cosh)-’ J 
I 1 P ’ forp<l, 
t, = 0, forp=l, (11) 
t, = (cos)y 1 [ 1 P ’ forp> 1. 
(The saddle point configurations around 0, shown in Figs. 1-3, recur with a period of 2~ owing 
to the cosine function.) 
We are now able to write (4a) as a complex contour integral: 
Z,,(o) p) = - -!-jctexp[iv@(t)] dt. t 
kq 
p = 0.5 
k’ 
--__-_ _ ____ ____ 
01 
- - -/*- - - * Be(t) 
Fig. 1. Examples of “nonoscillatory” contours of the 
integral (12) for w = 0.5, 1.5 and 2.5. 
(12) 
p = 0.95 
._ - + Re(t) 
Fig. 2. Examples of “nonoscillatory” contours of the 
integral (12) for o = 0.5, 1.5 and 2.5. 
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Fig. 3. Examples of “nonoscillatory” contours of the 
integral (12) for w = 0.5, 1.5 and 2.5. 
p = 0.5 / 
/’ 
,’ 
/’ 
/’ , / 
z,’ 
I _-*;_.I: I’ I’ -___-_ 
01 \ 
Re(z) 
Fig. 4. Image of Fig. 1 under the mapping (15). 
Following [3], the t-plane is next mapped onto a z-plane by the transformation 
@(t> =&(z), (13) 
where P,, is a polynomial of such a degree II that the configuration of its saddle points is the 
same as the configuration of those saddle points of @ that affect the value of the given integral. 
In the case of (121, these are +r,, the only saddle points of @ which may indefinitely approach 
a point of Ct that contributes significantly to the value of the integral. To reproduce the pair of 
saddle points f t, in the z-plane, we require a polynomial of degree three, 
P3( 2) = 32” - z,22, (14) 
which is furthermore chosen such that it preserves the symmetry properties of @ around the 
origin. Thus, the transformation 
Q(t) = P3W (15) 
+-_------_+ Re(z) 
Fig. 5. Image of Fig. 2 under the mapping (15). 
I 
I p = 1.7 
Fig. 6. Image of Fig. 3 under the mapping (15). 
U. Steinacker et al. / Asymptotic expansions of cylindrical functions 125 
maps the origin of the t-plane onto the origin of the z-plane and the saddle points f t, of @ 
onto the two saddle points +zS of P,. 
The integral (12) is transformed by (15) into 
the transformed contour Cz consisting of K separate contour branches Cz(“), k = 1,. . . , K (cf. 
Figs. 4-6): 
exp[ivP,(z)] dz = 5 E”(o, P)‘~‘. 
k=l 
(17) 
Z? (w, V p)(“’ denotes the contribution of the kth branch to the whole integral (16). 
4. Uniform asymptotic expansions 
To convert ZV:(o, pick’ into an asymptotic series in powers of Y-‘, we expand dt/dz in a 
suitable manner around that point 2:’ of the contour branch Cz’“’ where exp[iP,(zl] assumes 
its largest absolute value. Necessarily, z,$) is either an endpoint of CZ.(~) or a saddle point of 
P,. If each endpoint is either a saddle point or lies at infinity, this suitable expansion is 
as has been shown in [4]. If the finite endpoint zd”’ is not a saddle point, then the expansion of 
[4] has to be generalized by including the factor (z - zk”‘> in the right-hand brackets of (181, 
and a corresponding additional term in the left-hand brackets: 
Jg=?[ ALk’ + BLk’( z - 
n=O 
z’,k’) + qyz -zg))2][(z -z:k))z]n. (19) 
In passing we mention that in the case of two finite endpoints z$’ # fzS, z$’ # &-zS (which, 
however, does not occur in the problem at hand), we had to employ instead of (18) the 
expansion 
g=g[ A?’ + Bik’( z - 2:)) 
n = 0 
+ CLk’( z - zg’)” + @“‘(z - zgy3] 
dP, n 
(2 -z::qz -Zt:‘)dz . 1 (20) 
Upon insertion into (171, the expansions (18)-(20) yield, after a term by term integration, an 
asymptotic series with the nth term contributing at most to order O[V~~“‘[(“+‘)~~~]. This is due to 
the particular form of the expansions (18)--(20): it allows us to perform a certain number of 
successive integrations by parts, each of which contributes a factor of (iv>- ‘, and where the 
integrated term vanishes at either end of the contour Cz (k) We further note that whenever z2 . 
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occurs, it may be replaced by zz + dP,/dz, so that the asymptotic series finally involves only 
two different integrals for each contour branch Czck): 
m’k)= jcr’xz”exp[ivP3(z)] dz, it = 0, 1. (21) 
Apart from a numerical factor, the integrals (21) are Bleistein’s canonical integrals for the 
problem in hand. 
5. Results and discussion 
In the restricted parameter space of Section 2, we can distinguish four different domains, 
each of which requires a different asymptotic expansion owing to the different configurations of 
saddle points ,ts and endpoint w. In the following, these expansions are denoted by Case 1, 
2a, 2b and 2c, respectively. 
Case 1: 0 <p G 1. The contour consists of three branches (see Figs. 1 and 2, and 4 and 5, 
respectively). 
Branch 1, which extends in the t-plane from 0 to t, (cf. Figs. 1 and 21, and in the z-plane 
from 0 to z, = i Im{z,} (cf. Figs. 4 and 5), requires the expansion (191, with zL1) = 0 and 2:) = 0. 
By virtue of the symmetry of the mapping (151, certain coefficients in (19) vanish, namely, BA’) 
for even ~1, and A’,‘) and Ci’) for odd n. The contribution of this branch to (17) is 
gv(w, p)(l)= - ;(A&l)+z:cp)rp 
1 
+ - (2( Bi” + z,2A(:) + z$c$l))r,cl) + c&l) 
inu 
-(C~‘)+z~B~‘)) exp[-i$vz,3]) +O(v-*). (22) 
Note that the length of this branch shrinks to zero if p tends to 1. 
Branch 2 extends in the t-plane from t, to T + im (cf. Figs. 1 and 21, and in the z-plane from 
z, to 00 * exp(bir) (cf. Figs. 4 and 5). With the expansion (181, with zg) =zs, and with real 
coefficients A’,) and purely imaginary B, , (*) the contribution of this branch to (17) is 
1 
+ - (( B,‘2’ + 2zgp)r(p + 2( 4’ - 
i7Fv 
z,B$*))T,‘*) +A\*) exp[ - isvz,‘]) 
+ O(F2). (23) 
Branch 3 extends in the t-plane from r + im to o (cf. Figs. 1 and 2), and in the z-plane from 
cc. exp(iin) to z, (cf. Figs. 4 and 5), the image of w under the mapping (15). Expansion (19), 
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with zc3) = 2:) = z,, gives e 
+ +& ([ A\3’ - 2zJ3~3’ + 3( zz, + zp’ - 4z,z$4’,3’ 
+ 2z,2(3z2, + z,2)Bi3) - 8z,z,2( 2; + z;)Cl”‘] ri3’ 
+ 2[ Bj3’ - 343’ + (22 + Zs’)&’ - zw( zz, + 34B:“’ 
+ (z; + 62;~; + zS”)C$~)] r1’3’ 
-Ch3) exp[iv(+zz -zs’zJ} + 0(vP2), (244 
while for w close to v we have 
tq w, pf3) = - ; ([ Af’ - Z,B$3’ + (2; + zs’)cf)] r0’3’ + (qj3’ - 2z,c~3’)r:“) 
Ch3) 
- --exp[ivfz;t, - z~zo)] + 0(K2). 
iTu (24b) 
These different expansions are necessary, because the braces in (24a) represent the contribu- 
tions of order O(V-‘1 and O(V-‘1, respectively, only if w is not too close to r, while for w close 
to IT one finds that both &j3) and r{3’ tend to be of order O(V-‘1. Within the second braces in 
(24a), they then give rise to terms of order O(V-~>. On the other hand, the presence of these 
terms of order O(V-~> destroys the accuracy of the expansion (24a): either all terms of order 
0(ve2) have to be included or none at all, since the contributions to a certain order turn out to 
be composed of terms that individually are much larger than their sum. Thus, if only a 
few - large - 0(v-2)-terms are incorporated into (24a), they are not (nearly) cancelled by 
the remaining - large - O(vP2)-terms, and introduce a - large - error into (24a). Conse- 
quently, these terms must be deleted from (24a) to yield (24b). However, the value of o where 
- for increasing w - one should drop (24a) in favour of (24b), is not critical. In Figs. 7 and 8, 
this was done at o = Re{t,} + 0.4. Seemingly, the transition from the representation (24a) to 
(24b) is totally smooth within the graphical resolution. 
Case 2: p > 1. If w G t, (i.e., z, G z, = Re{z,)), the contour consists of two branches, 
otherwise of three (cf. Figs. 3 and 6). 
Case 2a: p > 1 and 0 < w < t,. Branch 1 (extending in the t-plane (cf. Fig. 31, and in the 
z-plane (cf. Fig. 61, from 0 to - iw) has to be dealt with expansion (191, setting zd’) = 2:) = 0. 
EV’,(o, p)(” can be obtained from (22) by dropping the term 
- & (Cf) + zebu’)> exp[ - i+vzf] . 
Branch 2 (extending in the t-plane from - iw to w (cf. Fig. 31, and in the z-plane from - im to 
z, (cf. Fig. 6)) also has to be dealt with (191, with zL2’ = 2%) = z,. k?‘“(o) ~1’~’ coincides with 
(24a), (24b) after the branch index (3) has been replaced by (2). 
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v=5 
1.7 ’ 
0.3 ’ - 3.0 
Fig. 7. Real part of the uniform asymptotic approximation to the ICF of Bessel form for the specified 
ranges. 
parameter 
Case 2b: p > 1 and w = t,. Branch 1 is identical to branch 1 of Case 2a, and gives the same 
contribution. Branch 2 (extending in the t-plane from - iw to t, (cf. Fig. 3), in the z-plane from 
-ia, to z, (cf. Fig. 6)) yields, with (18) and 2:’ = zS, a series similar to (23), where only 
+A$2) exp[ - i$,zi] is to be replaced by -LI$~) exp[ - i$vz,‘]. 
Case 2c: p > 1 and f, <o < TT. For branch 1 see Case 2a. If we omit the exponential term in 
(23), we have the contribution of branch 2 (extending in the t-plane from - im, and passing 
wq/ b,P)) 
0.0 
- 0.5 
0.0 
Fig. 8. Imaginary part of the uniform asymptotic approximation to the ICF of Bessel form for the specified 
parameter ranges. 
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through t, to 7~ + ic= (cf. Fig. 3), and in the z-plane from -im, and passing through z, to 
cc, *exp(bin) (cf. Fig. 6)). For branch 3 see branch 3 of Case 1. 
In each of the Cases 1, 2a-2c, the contributions of all branches have to be added in order to 
obtain the desired uniform asymptotic expansions of 8&w, p). For Figs. 7 and 8 this has been 
done up to order O(K’) to produce 3D plots of the real and imaginary part of ZYV(w, p) for 
v = 5 and in the domain 0 G w G 3, 0.3 <p G 1.7. This parameter range comprises each of the 
Cases 1 and 2a-2c. As it should be in the case of a uniform asymptotic approximation, the 
graphical representation shows no sign of a nonuniformity as the parameters vary through a 
transition region. 
While the integrals (21) can be evaluated simply by Simpson’s formula (since Cz. is a 
“nonoscillatory” contour), the coefficients A’,k), Bi“), Cik) can be found by repeatedly differen- 
tiating (18) and (19), respectively, and then setting z = z,!$). [d”P,/dz”lZg, follows from (141, 
while [d”t/dzn] Zcl can be determined from (15). If done by hand, these calculations become 
very tedious, especially for higher expansion coefficients. But thanks to the expansions (18)-(201, 
which completely separate the tasks of evaluating the derivatives of t with respect to z, of 
determining the expansions coefficients, and of repeatedly integrating by parts, this work can 
be easily delegated to one of the available computer codes for the algebraic-analytic manipula- 
tion of complicated expressions uch as “REDUCE”, which was employed here. 
If zg’ = zs, [d”t/dz”] Zgl is of the form O/O. At the saddle point itself, the value of d”t/d.z” 
is easily determined by de 1’Hospital’s rule, but in the neighborhood of zs, rounding errors 
accumulate dramatically if higher derivatives d”t/dz” are computed directly within the above 
recursive scheme. Therefore, they were evaluated by means of a Taylor series expansion around 
z,: 
[~]=,:=[~]*s+(z~)-z~i[~]=~+ ...? (25) 
in terms of the derivatives of t at the saddle point. 
If z, = 0, de 1’Hospital’s rule has to be applied twice in the evaluation of [d”t/dz”lZsZO. If 
both z, and 2%) are close to the origin, a Taylor series expansion around p = 1 (which is the 
condition for z, = 0) and zg) = 0 is employed: 
Note that for even II the symmetry of the mapping (15) makes d”t/dz” and its derivatives with 
respect to p vanish at p = 1 and zg’ = 0. 
6. Conclusion 
The asymptotic expansions of the ICFs of Bessel type that have been derived here constitute 
for large v straightforward and accurate representations, which are much simpler to evaluate 
than the original integral (4a). Over the existing n~nu~liform series, they enjoy the advantage of 
remaining valid and accurate as o and p vary in an arbitrary fashion. This means that in the 
many physical applications which give rise to this type of ICFs, the important task of assessing 
130 U. Steinacker et al. / Asymptotic expansions of cylindrical functions 
the relative importance of the various physical parameters in the problem under study can be 
carried out much more easily and accurately than with nonuniform approximations. 
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